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1. Introduction
In this article all rings R will be commutative with 1 of ﬁnite Krull dimension d. The sequence of
quotient groups GLn(R)/En(R) stabilizes for n  d + 2. Here En(R) denotes the elementary subgroup
of the general linear group GLn(R). This was conjectured by Bass, Milnor and Serre in [2], and proved
by L.N. Vaserstein in [14]. In [15], L.N. Vaserstein studied the sequence of quotients of the orthogonal
groups O2n(R)/EO2n(R), and a similar sequence of quotients of the symplectic (and unitary) groups,
and obtained a stabilization theorem for them. These quotients stabilized for 2n 2d + 4.
In [1], the sequence of symplectic quotients Sp2n(R)/ESp2n(R), when R is a non-singular aﬃne
algebra over a perfect C1-ﬁeld, was studied. It was found that the quotients Sp2n(R)/ESp2n(R) stabilize
for 2n d + 1 for such algebras. (See [1] for more details.)
It was natural to ask whether the orthogonal quotient groups SO2n(R)/EO2n(R) over such rings
stabilized earlier in a similar way. In this note we prove that this is not the case. More precisely, we
prove the following theorem.
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394 R.A. Rao et al. / Journal of Algebra 323 (2010) 393–396Theorem. Let A be an aﬃne algebra of dimension d over a perfect C1-ﬁeld. Assume that 2A = A. If the natural
map
ρo : SO2(d+1)(A)
EO2(d+1)(A)
→ SO2(d+2)(A)
EO2(d+2)(A)
is an isomorphism, then every unimodular (d + 1)-vector over A can be completed to an elementary matrix.
However, Umd+1(A) = e1Ed+1(A) does not hold in general.
2. Preliminaries
We begin with a few preliminaries on a matrix deﬁned by A. Suslin in [10, §5], and which is
studied in [3–5]. We shall use the standard notation for the basis vectors ei = (0, . . . ,1, . . . ,0), where
the 1 is in the i-th coordinate.
Given two row vectors v,w ∈ Rr+1, A. Suslin constructed a matrix Sr(v,w), which is of deter-
minant one if 〈v,w〉 = v · wT = 1. He deﬁned this inductively, as follows: Let v = (a0,a1, . . . ,ar) =
(a0, v1), with v1 = (a1, . . . ,ar), w = (b0,b1, . . . ,br) = (b0,w1), with w1 = (b1, . . . ,br). Set S0(v,w) =
a0, and set
Sr(v,w) =
(
a0 I2r−1 Sr−1(v1,w1)−Sr−1(w1, v1)T b0 I2r−1
)
.
These matrices have been studied by the ﬁrst and third named authors in [3–5]. The ﬁrst named
author would like to acknowledge that the referee of [3] suggested the viewpoint which led to the
results of [4], along the lines suggested; and the article [4] has been revised accordingly. We give a
succinct account of pertinent results there for ready reference, as these results are not readily available
at present. (The reader should be easily able to work out the details of all the results mentioned
below, if need be.)
In [3], the authors introduced the groups SUmr(R), which is the subgroup of GL2r (R) generated by
{Sr(v,w) | v,w ∈ Rr+1, 〈v,w〉 = 1}, and EUmr(R) its subgroup generated by {Sr(v,w) | v,w ∈ Rr+1,
〈v,w〉 = 1, v = e1ε, for some ε ∈ Er+1(R)}. It was shown in [4], that EUmr(R) is a normal subgroup
of SUmr(R), for r > 1.
In [3,4] a fundamental property satisﬁed by the Suslin matrices was noted:
Lemma 2.1 (Fundamental Property of Suslin Matrices). Let v, w, s, t ∈ M1,r+1(R). Then
Sr(s, t)Sr(v,w)Sr(s, t) = Sr(v ′,w ′),
and Sr(t, s)Sr(w, v)Sr(t, s) = Sr(w ′, v ′), for some v ′,w ′ ∈ M1r+1(R), which depend linearly on v, w and
quadratically on s, t. Consequently, v ′ · w ′ T = (s · tT )2(v · wT ).
We shall assume r is even below (only for convenience though).
This fundamental property enables one to deﬁne an involution  on the group SUmr(R), details of
which can be found in [4]. This involution is then used to give an action of SUmr(R) on the Suslin
space, viz. the free R-module of rank 2(r + 1) S = {Sr(v,w) | v,w ∈ M1r+1(R)}. (For a basis one can
take se1, . . . , ser+1, se∗1, . . . , se∗r+1, where sei = Sr(ei,0), se∗i = Sr(0, ei), for 1  i  r + 1.) The theory
in [4] when r is odd is quite similar, and we refer the reader to [4] for more details.
In [4], a linear transformation Tg of the Suslin space was associated with a Suslin matrix g ,
via Tg(x, y) = (x′, y′), where gSr(x, y)g∗ = Sr(x′, y′). Moreover, if g is a product of Suslin matrices
Sr(vi,wi), with vi · wTi = 1, for all i, then Tg ∈ O2(r+1)(R), i.e. 〈Tg(v,w),Tg(s, t)〉 = 〈(v,w), (s, t)〉 =
v · wT + s · tT .
It was also shown that the above action induces a canonical homomorphism ϕ : SUmr(R) →
SO2(r+1)(R), with ϕ(Sr(v,w)) = TSr (v,w) = τ(v,w) ◦ τ(e1,e1) , where τ(v,w) is the standard reﬂection
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〈v,w〉(s, t) − (〈v, t〉 + 〈s,w〉)(v,w).
The matrix of the linear transformation was also calculated in [5].
Lemma 2.2. Let R be a commutative ring with identity. Let v,w ∈ Umr+1(R), then the matrix of the lin-
ear transformation TSr (v,w) with respect to the (ordered) basis {Sr(e1,0),Sr(e2,0), . . . ,Sr(er+1,0),Sr(0, e1),
Sr(0, e2), . . . ,Sr(0, er+1)} is
(
I− (v,w)T (w, v))(I− (e1, e1)T (e1, e1)).
In particular, for v = e1ε, w = e1εT −1 , for an ε ∈ SLr+1(R), the matrix of TSr (v,w) is the commutator[εT ⊥ ε−1, (I− (e1, e1)T (e1, e1))].
Via this calculation, the following result emerged in [5]:
Theorem 2.3. Let R be a commutative ring with identity. Let r be even.
(a) The kernel of the homomorphism ϕ : SUmr(R) → SO2(r+1)(R) deﬁned by ϕ(Sr(v,w)) = TSr(v,w) is{u ∈ R | u2 = 1}.
(b) ϕ induces an injective map ϕ : SUmr(R)
EUmr(R)
→ SO2(r+1)(R)
EO2(r+1)(R)
.
We use this theorem to show that the injective stability for the orthogonal K1O functor cannot
fall, in general, for an aﬃne algebra.
Before that we recall yet another lemma from [6]. Here if v = (v1, . . . , vr) ∈ Umr(R), let [v] denote
the equivalence class of v under the action of the elementary group Er(R). Following L.N. Vaserstein
in [16] we let χn([v]) denote the equivalence class of the vector (vn1, v2, . . . , vr). This is well deﬁned
according to L.N. Vaserstein [16].
Lemma 2.4. (See [6, Lemma 2.15].) Let Sr(v,w), Sr(v ′,w ′), r > 1, 〈v,w〉 = 〈v ′,w ′〉 = 1, be Suslin matrices.
If Sr(v,w) ∈ Sr(v ′,w ′)EUmr(R), then
(i) if r is even, χ2([v]) E∼ χ2([v ′]),
(ii) if r is odd, χ4([v]) E∼ χ4([v ′]).
We are now ready to prove the main theorem.
Proof of the theorem. Let d be odd. Let v ∈ Umd+1(A). Choose any w with v · wT = 1. By Lemma 2.2
the matrix of the linear transformation TSd(v,w) is a commutator, hence stably elementary orthogonal.
The hypothesis enables us to conclude that it is elementary orthogonal. By Theorem 2.3, Sd(v,w) ∈
EUmd(A). Hence by Lemma 2.4, χ4(v) = 1.
By A. Suslin’s theorems in [10,13], as 2A = A, every vector v ∈ Umd+1(A) is a χ4(v ′), for some
v ′ ∈ Umd+1(A). (A. Suslin assumes that the ring A is normal; but P. Raman has given an argument
– see [8, Proposition 3.1] where it is shown how this assumption is not essential.) Thus, we can
conclude that v ∈ e1Ed+1(A).
A similar argument can be given when d is even, using the corresponding results of [4]. 
Corollary 2.5. There exist aﬃne algebras A of dimension d 2 over a perfect C1-ﬁeld k for which the injective
stability estimate for K1O(A) is not less than 2(d + 2).
Proof. If not, then by previous theorem, e1Ed+1(A) = Umd+1(A), for all such A. This would im-
ply by [11, Lemmas 8.5, 8.9] that stable rank of A  stable rank of k[X0, . . . , Xd]  d + 1. By
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shows that there are aﬃne k-algebras A, and principal ideals (a), with MSd(A, (a)) = 0. Alternatively,
this contradicts [11, Corollary 8.4], where it is shown that the stable rank of k[X0, . . . , Xd] = d + 2, if
k has inﬁnite transcendence degree over its prime subﬁeld; similarly it contradicts [12, Corollary 4.7],
where it is shown that the stable rank of k[X0, . . . , Xd] = d + 2, if KMd+1(k) = 0. 
Theorem 2.6. Let A be a local ring of dimension d, with 2A = A. If the natural map
SO2(d+1)
(
A[X])/EO2(d+1)(A[X]) → K1O(A)
is an isomorphism, then every unimodular (d+1)-vector over A[X] can be completed to an elementary matrix.
Proof. Let v ∈ Umd+1(A[X]). As in the proof of the main theorem, we conclude by Lemma 2.4 that
χ4(v) = 1. As 2A = A, by [7, Theorem 2.4] every vector v ∈ Umd+1(A[X]) is a χ4(v ′), for some v ′ ∈
Umd+1(A[X]). Thus, we can conclude that v ∈ e1Ed+1(A[X]). 
Corollary 2.7. There exists an aﬃne algebra A of dimension 3, and a maximal ideal m of A, for which the
injective stability estimate for K1O(Am[X]) is not 8.
Proof. In [9, §4], it is shown that if A = k[X, Y , Z ]/(Z7 − X2 − Y 3), where k = C or a suﬃciently
large ﬁeld, then Um3(A[T , T−1][X], (X)) = e1E3(A[T , T−1][X]). Note that A is regular except at the
maximal ideal m = (X, Y , Z). Hence, by the Local Global Principle, and T. Vorst’s theorem, it follows
that there is a maximal ideal M containing m[T , T−1], such that
e1E3
(
A
[
T , T−1
]
M
[X]) = Um3(A[T , T−1]M[X]).
Now apply Theorem 2.6. 
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